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COLLAPSING OF NEGATIVE KAHLER-EINSTEIN 

METRICS 

YUGUANG ZHANG 


Abstract. In this paper, we study the collapsing behaviour of nega¬ 
tive Kahler-Einstein metrics along degenerations of canonical polarized 
manifolds. We prove that for a toroidal degeneration of canonical po¬ 
larized manifolds with the total space Q-factorial, the Kahler-Einstein 
metrics on fibers collapse to a lower dimensional complete Riemannian 
manifold in the pointed Gromov-Hausdorff sense by snitably choosing 
the base points. Furthermore, the most collapsed limit is a real affine 
Kahler manifold. 


1. Introduction 

Let A be a complex projective n-manifold. We call X a canonical po¬ 
larized manifold if the canonical bundle /Cx of X is ample, and call X a 
Calabi-Yau manifold if JCx is trivial. The Calabi conjecture of the existence 
of Kahler-Einstein metrics was solved by Aubin and Yau in the case of canon¬ 
ical polarized manifolds (cf. [HHQ]), and by Yau for Calabi-Yau manifolds 
(cf. [iQ]). More precisely, on a canonical polarized manifold X, there exists 
a unique Kahler-Einstein metric ui with co G 2ttci{JCx) and negative Ricci 
curvature, i.e. 

Ric(a;) = —w, 

by mm- On a Calabi-Yau manifold, there are Ricci-flat Kahler-Einstein 
metrics by m- The goal of this paper is to study the collapsing behaviour of 
families of negative Kahler-Einstein metrics along degenerations in algebro- 
geometric sense. 

A degeneration of projective n-manifolds vr : A —)■ A is a flat morphism 
from a normal Gorenstein variety A of dimension n -|- 1 to a disc A C C 
such that Xt = 7r~^(t), t € A* = A\{0}, is smooth except the central fiber 

i 

Xq = 7r“^(0). We denote Xq = |J Ao,i and Xqj = fj Aq,*, where Ap^i, 

i=l iei 

i = 1, •••,/, is a irreducible component, and I C {1, •••,/}. If the relative 
canonical bundle JC^/a = is relatively ample, then for any smooth 

fiber At, the canonical bundle ICxt — ^x/A\xt is ample, and thus At is a 
canonical polarized manifold. We call such degeneration tt : A —)• A a 
canonical polarized degeneration. 
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In [35], Strominger, Yau and Zaslow proposed a conjecture, so called SYZ 
conjecture, for constructing mirror Calabi-Yau manifolds via dual special la- 
grangian fibration. Later, a new version of the SYZ conjecture was proposed 
by Kontsevich, Soibelman, Gross and Wilson (cf. [niEsiEei) by using the 
collapsing of Ricci-flat Kahler-Einstein metrics. Let Y —?■ A be a degener¬ 
ation of Calabi-Yau n-manifolds, i.e. the relative canonical bundle fCxjjs. is 
trivial, and 0 G A be a large complex limit point (cf. [E]). The collapsing 
version of SYZ conjecture asserts that there are Ricci-flat Kahler-Einstein 
metrics ojt on Xt for t G A* such that {Xt,diaLm~‘^{Xt)iOt) converges to a 
compact metric space {B,dB) in the Gromov-Hausdorff sense, when t —)• 0. 
Eurthermore, the smooth locus Bq of B is open dense, and is of real dimen¬ 
sion n, and admits a real affine structure. The metric ds is induced by a 
Monge-Ampere metric qb on Rq; i-e. under affine coordinates xi,--- ,Xn, 
there is a potential function (p such that 

, , 1 , / d‘^4> \ 

SB = } , a a dxidxj, and det ,, ^ = 1. 

OXiOXn \OXiOXjJ 

J J 

Clearly it is true for Abelian varieties. This conjecture was verified by Gross 
and Wilson for fibred K3 surfaces with only type Ii singular fibers in m, 
and was studied for higher dimensional HyperKahler manifolds in [151116] . In 
m, Gross-Wilson’s result was extended to all elliptically fibred K3 surfaces. 

Inspired by this collapsing version of SYZ conjecture, we study the limits 
of negative Kahler-Einstein metrics on canonical polarized manifolds degen¬ 
erating to some singular varieties. 

Let TT : Y —?■ A be a canonical polarized degeneration such that Xq has 
only simple normal crossing singularities, i.e. Xq is reduced, locally given 

by zi. Zk = 0 under local coordinates zi, - ■ ■ ,Zn on Y, and any Xqj 

is smooth. Let uot G 27rci(/C^t ) , t G A*, be the unique Kahler-Einstein 
metric on Xt. The convergence of ujt was studied by various authors (cf. 
[Ml da Ea Eo] [32]). In [M], it is proved that ujt converges smoothly to a 

complete Kahler-Einstein ojq with negative Ricci curvature on the regular 
i 

locus XQ^reg = U ^o,i,reg in the Gheeger-Gromov sense, if an additional 

i=l 

condition that any three of the components have empty intersection is 
satisfied. More precisely, for any smooth family of embeddings Ft : XQ^reg 
Xt, we have that 

FtOJt^ojQ, when t —)• 0, 

in the locally C°°-sense on XQ^^eg^ where ujq is the complete Kahler-Einstein 
metric on XQ^reg previously obtained in [STlEaiS]- In [Mllia) additional 
assumption is removed, and furthermore, the result is generalized to the 
case of toroidal degenerations in m- These theorems describe the the non¬ 
collapsing part of the limit of {Xt,Ldt). 

Since the volume of uq is finite, there must be some collapsing part when 
{Xt,Ldt) approaches to the limit, i.e. there are points pt G Xt such that the 
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volumes of metric 1-balls satisfy 


Vol^t(Pc 1)) —0, when t —)• 0. 


Now by Gromov’s precompactness theorem (cf. [ 12 ] )j a sequence of {Xt,ujt,pt) 
converges to a pointed complete metric space {W,dw,Poo) of Hausdorff di¬ 
mension less than 2n in the pointed Gromov-Hausdorff sense, i.e. for any 
R > 0, the metric i?-ball {B^i.{pt, R),uJt) converges to the metric i?-ball 
{Bdyy{pcxi, R),dw) in the Gromov-Hausdorff sense (cf. [8]). 

The following theorem is a special case of the main theorem (Theorem 
EaD of the present paper, where a more general hypothesis is assumed. 

Theorem 1.1. Let tt : X ^ A be a canonical polarized degeneration such 
that Xq has only simple normal crossing singularities, and ujt £ 27rci {K-Xt ) 
he the unique Kdhler-Einstein metric on Xt, t £ A*. For any Xqj and any 
point po £ U ^0,0 there are points pt £ Xt such that pt pq in X 




whent —)• 0,and by passing to a sequence, (Xt,ujt,pt) converges to a complete 
Riemannian manifold (W, gw, Poo) with dimK W = 2n + l — ^I in the pointed 
Gromov-Hausdorff sense. Furthermore, if dimcXQj = 0, then {W,gw) is 
isometric to {B,gB) by suitably choosing pt, where B is the interior of the 
standard simplex in M”, and there is a smooth potential function cf on B 
such that (floB = + 00 , 




and 


ij=l 


for a constant k > 0. 

Actually {Xt,ujt) collapses smoothly in a certain sense, which is stronger 
than the Gromov-Hausdorff topology (See Theorem 12.41 for details). 

This theorem shows a similar collapsing behaviour to the SYZ conjecture 
for Galabi-Yau manifolds, i.e. under certain assumptions, the limit metric 
space W is an affine Kahler manifold of real dimension n, and the poten¬ 
tial function satisfies a real Monge-Ampere equation. However, unlike the 
Galabi-Yau case, we always have the non-collapsing part of the limit, and 
we do not rescale the metric to obtain the collapsing limit. Note that for 
algebraic curves of higher genus, the rescaled limit exists, and is a compact 
metric graph by [28|. However, we do not expect that still holds in the 
higher dimensional case. 

In the original SYZ conjecture (cf. [35|), the existence of special la- 
grangian submanifolds is expected when Galabi-Yau manifolds are near the 
large complex limit. As an application, we will construct some general¬ 
ized special lagrangian submanifolds on canonical polarized manifolds (See 
Section 2.3 for details). 

The understanding of the limit behaviour of negative Kahler-Einstein 
metrics is also required for other program. The moduli space Ai of canon¬ 
ical polarized manifolds with a fixed Hilbert polynomial was proven to be 
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a quasi-projective manifold by Viehweg in [39], and the recent progress on 
the moduli space of stable varieties (cf. [23]) gives a natural algebro geo¬ 
metric compactification Ad of Ad. Meanwhile, the existence of singular 
Kahler-Einstein metrics on stable varieties was obtained in [2]. A natural 
question is to understand such compactification from the differential geo¬ 
metric viewpoint (cf. [21 [M])) for example in the Gromov-Hausdorff sense 
or the Weil-Petersson geometry sense. However unlike the case of Calabi- 
Yau manifolds (cf. [HI [38]), we would not have the coincidence of the 
Gromov-Hausdorff non-collapsing convergence and the finite Weil-Petersson 
distance. In Theorem ll.il diverges in the Gromov-Hausdorff sense, 

but the Weil-Petersson metric on A* is not complete, i.e. {0} has finite 
Weil-Petersson distance to the interior by [36l [29l [30] . 

This paper is organized as the followings. In Section 2, we introduce the 
preliminary materiel and state the main theorems (Theorem 12.41 and Theo¬ 
rem [2i6]) of this paper. In Section 1.1, we construct some semi-flat Kahler- 
Einstein metrics from those affine Kahler metrics obtained by Gheng and 
Yau previously. In Section 1.2 and Section 1.3, the main theorems (Theo¬ 
rem [231 and Theorem 12.6|) are given. Theorem 12.41 study the metric collaps¬ 
ing along toroidal degenerations, and Theorem 12.61 shows the existence of 
generalized special lagrangian submanifolds. Section 3 is devoted to prove 
Theorem 12.41 Firstly, we construct the approximation background metrics 
in Section 3.1, then we do some local calculations and prove Theorem 12.41 in 
Section 3.2. The last section proves Theorem 12.61 

Acknowledgements: The author would like to thank Prof. Shiu-Yuen 
Gheng for answering a question. 


2. Main Theorems 

In this paper, we always denote N = Ar = Ttv = A(8)zC*, 

M = homz(A, Z) and Mr = M Giz 1^- 

2.1. Semi-flat Kahler-Einstein metric. In this section, we recall a theo¬ 
rem due to Cheng and Yau for the existence of affine Kahler metrics, which 
induce some semi-flat Kahler-Einstein metrics that appear in the main the¬ 
orem. 

Let cj be a rational strongly convex polyhedral cone in Ar, and a C Mr 
be the dual cone. If Uo- G M n <7 satisfies {ua,v) = 1 for the primitive lattice 
vector V £ T D N of any 1-dimensional face t of a, then we define 

Ar = {n G AR|(n,tt(^) = 1}, = Ar n Int((T), and A = A n Ar 

where Int((T) denotes the interior of a. The closure of B^j is a rational 
convex polytope in Ar. 

Let To- be the affine toric variety associated to a, i.e. To- = Spec(C[d'nM]), 
and t = Z’^'^ : To- —^ C. We have a family of varieties Tj,* = div{Z^^ — t) 
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degenerating to the toric boundary Yq, i.e. Yq = \J Di where Di is a 

i=l 

primitive toric Weil divisor. 

If eo, ■■■, Cn & N is a basis, we denote xq , • • • ,Xn the respecting coordi- 

» 

nates on and denote Zj = Z^i, j = 0, - ■ ■ ,n. If = X] > then 


is given by Zq 


mo 


j=0 

z™"- = t, and Ajr is given by niQXo + • • • + rrinXn = 1- 
Without loss of generality, we assume that xi,--- ,x„ are coordinates on 
R, i.e. rriQ ^ 0, which give an integral afhne structure on 
For any t G A*, the logarithmic map is 


Logi : Tat 


log \ z'\ 

Ar, by Zj i-A Xj = -—j = 0, • • • , n. 


^ ^ log|t| 

It is clear that Log^(yo-^t) = Ar. We denote 

= {p^ya\\Z^Hp)\ <l,k = !,■■■ ,d'}, 

which is an open subset of y^, where Uk G M Ci a such that a = {v G 
yR\{v,Uk) y 0, k = 1, ■■ ■ ,d'}. We have Log^{U) = Int((T), and moreover, 
Log^iY^jHU) = B^. 

We define coordinates 0i, • • • , On on Ar by 9j = dxj, j = 1, ■■■ ,n, under 
the identihcation of the tangent bundle TB^ — B^ x Ar. Then there is a 
natural complex structure on B^ x given by complex coordinates 

'^j — + V—1%) j = f,"' ,n, which induces a complex structure on 

yt,mo{Ba) = Bn X v^(Ar/^^?#) for any t G A*. We define a finite 


covering map Qn : Yt^moiBn) 
j = 1 , - ■ ■ , re, and 


Ynj nu hy setting zj = exp((log |t|)rcj). 


zo = exp(— log \t\ + 

mo mo 




i=i 


mo 


Furthermore, ft = Log^jy^ ^nw ^ -G- B^ is a fibration such that ftOQa 

is the projection from Yt^rno{Bn) to B^. 

Now we recall a theorem for the existence of affine Kahler metrics in [7]. 

Theorem 2.1 (Theorem 4.4 in [7]). For any constant k > 0, there is a 
smooth convex solution cj) of the real Monge-Ampere equation 


( 2 . 1 ) 

and 


det 


dxidxj 




9Bn - 

ij=l 


d'^cj) 

dxidxj 


dxidxj 


is a complete affine Kahler metric on B^ 


Note that the constant k is chosen to be 1 in [7], and however, we can 
obtain the general case by rescaling the coordinates. By pulling back (f, we 








6 


Y. ZHANG 


regard cj) as a, function on x i-e- ''' > ^n) = • • • , Xn), 

which defines a complete Kahler metric 

j —:r n fi2i 

(2.2) = 2 '/^ dd ( j ) =- -—-—dwi A dwj 

2 ^ dxiOXn 

ij=i ■> 

on Bfj X V—lAffi. By (12.11) . (j) satisfies the complex Monge-Ampere equation 
det ( . ) = 4"'Ae^'^ on x -v/^Ar, and hence is a Kahler-Einstein 
metric with Ricci curvature —1, i.e. 

Ric(a;^'^) = —-\/^(991og det ( ^ ^ .f_ ) = — 

OWiOWj 

Now Proposition 5.5 in [B] implies that cf) is the unique solution of (12.11) (See 
also [IS]). 

Since both (p s-nd oj^-^ are invariant under the translation wj i—)• wj + 
v^—lA for any A € , u!^-^ descents to a complete Kahler-Einstein metric on 

Yt^rnoiBa) first, for any t £ A*, and further to a complete Kahler-Einstein 
metric on denoted by . Note that the corresponding Riemannian 

metric of is 

n Y)2± 

{dxidxj + dOidOj). 

ij=i * ^ 

The first consequence is that the restriction of on any fiber ff^{x), 
X G Bfj, is flat, so called a semi-flat Kahler-Einstein metric. The second one 
is that the diameter of the fiber 

diam^sf{ff^{x)) ~ -(log|f|)"^ ^ 0, 

and by snitably choosing a family of base points pt £ (Ko-,* ,pt) 

converges to {B^^, gB„,Poo) in the pointed Gromov-Hausdorff sense, when 
f —)• 0. We say that (Ko-^f collapses to {B^^gs^)- 

In summary, we have the following proposition. 

Proposition 2.2. For any t £ A*, there is a unique eomplete Kahler- 
Einstein metric on Ya-^t FiU such that the Rieci eurvature is —1, i.e. 

Ric(w|^) = -uj"/, 

and is semi-flat respecting to the torus fibration ft : Ya-^t FiU ^ B^. 
Furthermore, (Ko-,f ,pt) converges to {Bf^,gB„,Poo) in t/ie pointed 

Gromov-Hausdorff sense by choosing a family of base points pt £ Yo-y, when 
t^O. 

The logarithm Log^ is used to convert classical algebraic varieties to trop¬ 
ical varieties (cf. [27]), and it is believed that the collapsing of Kahler- 
Einstein metrics can do the same in certain circumstances (cf. [131 [9] ). This 
is true in onr case as a direct corollary of the previous arguments. 
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Let p G C[(T n M](t), i.e. p = X] for a finite set ^4 C a H M, 

u&A 

bu G C*, and v : A —)■ Z, and Yt,p C be the variety defined by p|y^t = 0. 
The image At = Logj(Vt^p) C Ar is called an amoeba, and it is proven in [27] 
that At converges to a polyhedron complex Aloo in the Hausdorff topology, 
when t G M and t —)• 0. Here ^oo is called a non-Archimedean amoeba, and 
is the set of non-smooth points of the function 

Pooix) = min{u(tt) {x,u)} 
ueA 

on Ar. In tropical geometry, Aoo is the tropical hypersurface defined by p 
(cf. [27]). We have the following corollary by the collapsing of to gB^- 

Corollary 2.3. When t G M and t —)• 0, 

Yt,p Id -A .Aoo n Bfj 

under the pointed Gromov-Hausdorff convergence of {Yfj^tGiU,uj^^) to 

2.2. Toroidal degeneration. A degeneration vr : T —)■ A is called simple 
toroidal, if for any point x G T, there is an open neighborhood U satisfying 
that 

i) U is isomorphic to an open subset of an affine toric variety y^, 
denoted still by U. 

ii) The restriction of vr on t/ is given by a regular function Z^'^, where 
Ucr G M n A satisfies {ua ,v) = 1 for the primitive lattice vector 
u G r n A of any 1-dimensional face r of a. Hence if Di, • • • , 

are primitive toric Weil divisors of To-, then we have that Xq (117 = 
d 

Dj nU, and Xq is reduced. 
i=i 

iii) Any non-empty Xqj is connected and normal, which implies that 
any Xqj does not intersect with itself. 

d 

Since the canonical divisor ~ [lO]), we have that Xx\u = 

i=i 

—div(2“‘^), and thus Xx is Cartier, i.e. Y is Gorenstein. Degenerations 
with only simple normal crossing singularities are special cases of simple 
toroidal degenerations. 

In Chapter H of [2T] , a compact polyhedral complex B with integral struc¬ 
ture, called the dual intersection complex, is associated to vr : T —)• A such 
that cells of B are in one-to-one correspondence to those non-empty Xqj. 
More precisely, for any Xqj / 0, there is a unique polyhedral cell Bj € B 
such that dhuRH/ = n — dimc-Ao,/, and By is a face of Bj if and only 
if Xqj! D X^g. The cell Bj £ B associated to Xqj is constructed as the 
following. Let p G Xog\ |J Xqj, and U C Y\ |J Xqj be a neighborhood 

of p isomorphic to an open subset of an affine toric variety To-- If is the 
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corresponding rational convex cone in Ai®, then 

Bi = [v ^ a\{v,Ua-) = 1}. 

We denote Bj the interior of Bj. 

Now we state the main theorem of the present paper. 

Theorem 2.4. Let tt : X ^ A be a simple toroidal canonical polarized 
degeneration of projective n-manifolds, and ojt he the unique Kdhler-Einstein 
metric in 27rci ), t € A*. If X is Q-factorial, then the followings hold. 

i) For any Xqj with jj/ > 1, and any point po S Xqj\ |J Xg^i, there are 

points pt G Xt such that pt —)• Po fh when t —>■ 0, and by passing to 
a sequence, {Xt,uJt,Pt) converges to a complete Riemannian manifold 
{W,gw,Pcxi) with dimisTy = dim^Bf + 2 dimcAio ,7 in the pointed 
Gromov-Hausdorjf sense. 

ii) //dimeX q,/ = 0, then {W,gw) is isometric to {Bj,gBj) by suitably 
choosing pt, where gsj is the complete affine Kdhler metric obtained 
in Theorem \2.1[ Furthermore, ifcj^^j is the semi-flat Kdhler-Einstein 
metric constructed from gsi in Proposition \2 . HI on a neighborhood of 
U r\Xt, where U is a neighborhood of Xqj isomorphic an open subset 
of a toric variety, then 

for any v > 0, when t ^ 0, i.e. the collapsing is in the C°°-sense, 
and the convergence do not need to pass any sequence. 

This theorem describes the collapsed limits of ujt, while the previous re¬ 
sults of [MllISlEgllso] describe the non-collapsed limits, i.e. they still have 
complex dimension n. 

The notion of toroidal degeneration is an algebro-geometric analogue of 
F-structure introduced in [3]. An F-structure F on a smooth manifold X 
consists an open covering {Ua} such that for each Ua, there is an effective 
-action on a finite cover of Ua, and on any overlap UaGUp, these two 
torus actions and are compatible in a certain sense (See [9] for the 
details). For a toroidal degeneration vr : A —>• A, a small neighborhood U 
of a Xqj with ft/ > 1 is isomorphic to an open subset of a toric variety, and 
W n [/ is given by a monomial. Thus there is a natural local -action on 
Xt n U. We conjecture that there is an F-structure F on Xt n il, where il 
is a small neighborhood of (J Xqj in X, and more importantly, this F is 

tt/>i 

Hamiltonian, i.e. there is a symplectic form wt on Xt such that any local 
torus action of F is Hamiltonian. 

Theorem 12.41 and Proposition 13.41 in Section 3.2 show that the Kahler- 
Einstein metric oJt approximates some local semi-flat Kahler-Einstein met¬ 
rics Wj j on small open subsets of Xt, and a;*^ collapses smoothly to lower 
dimensional spaces along local torus fibrations. Moreover, we would see that 
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the curvature of ut is bounded independent of t in Section 3.1. Hence there is 
an F-structure F' on some region of Xj by [4], and we again conjecture that 
F' can be made to coincide with the above F. Hamiltonian F-structures 
would be studied in a separate paper. 

We remark that Theorem l2. 41 should hold for more general settings, for ex¬ 
ample, toroidal degenerations without the assumption of X being Q-factorial 
as in m, or the log pair case, i.e. IC^/a X ^ ample for a Cartier divisor 
D, as in [36l[T9]. For avoiding too many technique difficulties, we leave those 
generalizations for future studies. In a recent paper [2], the existence of sin¬ 
gular Kahler-Einstein metrics is obtained for stable varieties, i.e. varieties 
with semi-log canonical singularities and ample canonical divisor. It is also 
expected that the convergence theorems of [Ml da |29l [301132] can be gen¬ 
eralized to degenerations with central fiber Xq stable varieties (cf. [2l [34]1. 
which is related to the question of differential geometric understanding of 
the moduli space for stable varieties. 

We finish this section by showing an example that Theorem 12.41 and The¬ 
orem o can apply. 


Example 2.5. Firstly, we recall the standard Mumford degeneration of toric 
varieties. Let M' = TF such that M = M' x Z, and V C = M' 1^ 
be a lattice polytope. If : F —)• M is a piecewise linear convex function 
respecting to a lattice polyhedral decomposition fp of F with integral slopes, 
we define a lattice polyhedron 

V = {{v,r) G Mm ^ X ^ r}, 

which determines a toric variety X-p with a regular function vr = 

Xp —>■ C. For any t G C\{0}, Xt = is isomorphic to the toric variety 

Xp associated to V, and Xq = 7r“^(0) = |J Xr, where ^max denotes the 

TG^max 

set of n-dimensional polytopes of ip, and X^- is the toric variety associated 
to r G iPmax- By choosing V and ijj properly, we can assume that Xq has 
only simple normal crossing singularities, and Xf is smooth for any t 0. 
For instance, we take V, ip and as the following: 



Ul + U2 

V’(-'Ui) = 0, ll){-U2) 


0 , '4){ui + U 2 ) = 1 . 


-U2 

Now we follow the argument in the proof of Lemma 1.4 in [M]- Let LI be a 
sufficiently general very ample divisor on Xp such that lCxp®0{H) is ample, 
and H F Xt has simple normal crossing singularities for any \t\ < e <C 1. 
If c : Xp —)• Xp is the double ramified cover along 2H, then the Hurwitz 
formula shows that = c*(ICx- ZOiH)), and hence, /Cy, is ample. Note 

that Xq = c“^(Xo) still has only simple normal crossing singularities, and 
for any t with 0 < |t| ^ 1, Xt = is smooth. We obtain a canonical 

degeneration ff : X —)• A C C satisfying the hypothesises in Theorem 12.41 
and Theorem 11.11 bv letting yf = vr o c and X = 7f“^(A). 
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2.3. Special lagrangian submanifold. The original SYZ conjecture as¬ 
serts the existence of special lagrangian submanifolds when Calabi-Yau man¬ 
ifolds are near the large complex limit (cf. [35] ). There are some attempts to 
generalize the SYZ conjecture to the case of canonical polarized manifolds 
(cf. [20|), which include analog notions for special lagrangian submanifold. 
We also like to study a generalization of special lagrangian submanifold. 

If X is a canonical polarized projective n-manifold, then by definition, 
the canonical bundle ICx is ample. Let be a holomorphic n-form, and D 
be the effective divisor defined by i.e. D = div(n). The restriction of 
n on X\D is no-where vanishing, and thus ICx\d is trivial, i.e. X\D is a 
quasi-projective Calabi-Yau manifold. A submanifold L of X\D is called 
a generalized special lagrangian submanifold respecting to and a Kahler 
metric w, if dim® L = n, 

uj\l = 0, and Im(f2)|i = 0. 

This notion of generalized special lagrangian submanifold is standard in 
the case of non-Ricci flat metric (cf. [141 l31jL The real part Re(n) is 
not a calibration respecting to the Kahler metric uj, but to a non-Kahler 
Hermitian metric puj by Section 10.5 in [T3|, where p > 0 is a function 

defined by = ^{—1) 2 n A fl. 

As an application of Theorem 12.41 we have the following theorem. 

Theorem 2.6. Let vr : A —)• A and ojt he the same as in Theorem \2.4\ 
Assume that there is a zero dimensional Xqj. If Lit is a section ofJCx/x such 
that D = div(nt) does not intersect with Xqj, then there is a generalized 
special lagrangian torus Lt C {Xt\Dt) respecting to ujt and e''^^'^*-Llt\xt for 
any 0 < |t| <C 1 and a phase At G M, where Dt = D (1 Xt- 


3. Proof of Theorem 12.41 

3.1. Background metric. In this section, we use the construction in |29] to 
obtain some approximation background Kahler metrics, which are uniformly 
equivalent to Kahler-Einstein metrics. 

Let TT : A —)• A be a simple toroidal canonical polarized degeneration 
of projective n-manifolds such that A is Q-factorial. Since KLx /a is relative 
ample, there is an embedding 4> : A x A for two integers m > 0 and 

Nm > 0 such that (!)■ There are sections Tq, • • • , of 

such that, by abusing notions, hps = (X] is the Hermitian 

' fc=o 

metric whose curvature is the Fubini-Study metric, i.e. 

1 _ 1 

ljj° = (J)*(- ojpg -\- y/Uldf YLLl^Qlog(y^ 

m 

k=0 


(3.1) 
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By regarding volume forms as Hermitian metrics of the anti-canonical bun- 

die, we obtain a volume form on X. For any t S A*, 

k=0 

Vt = V iSi {dt A dt)~^ is a smooth volume form on and let 

(3.2) u;° = w°lxt = V^ddlogVt. 

Since X is Q-factorial, there is a /i £ N such that all of i = 1, ■ ■ ■ ,1, 

are Cartier divisors. Let || • ||j be a smooth Hermitian metric of 0(/iAo,i) 
on X, and Sj be a defining section of /^Ao^i, i.e. div(sj) = /lAo,*. Here the 
Hermitian metric || • ||i being smooth means that || • ||i is locally given by 
the restriction of a smooth positive function g on the ambient space for 
a local embedding of an open subset U ol X into and a trivialization of 
0{pXQ^i) on U. In this case, Ric(|| • ||j) is the restriction of the smooth form 
—V^^cIcHog Q on C^. 

We assume that si • • • • s; = by choosing the parameter t £ A appro¬ 
priately. Let 


(3.3) 
and 

(3.4) 


W = -log||Si||?, = (log |t|2)2 IT 

/X 


oc. 


.,-2 
i ’ 


2=1 


Wf = V^dd log xtVt 
= Lo° + V^ddlog xt 


= Ui 


+ 25]( 


^^*^(11 ' II*) /—^ doii^. 

+ v-1-^- )\xt 


i=l 


Q-i 


at 


on Xt for t 7 ^ 0. We can assume that ||sj||i ^ e <C 1 such that 
—u!° ^ cu'’ -|- —Ric(|| • III) ^ 20;° 


on T\Ao by multiplying certain constants if necessary. We denote Xqj = 
Xo,i\ U Ao^j, and define a complete Kahler metric 


(3.5) 


Wo,/ = w 1V 


0 ,/ 


+ 2 E( 

i^I 


Ric(|| 


a,; 




A dai 


at 


)lw°/ 


on X° j. 

The Kahler metric ujt is the background metric we need. Note that our 
assumption of X is stronger than the one in [29] , and however is weaker than 
that in [30] . Nevertheless, the arguments in Section 3 of [29] and Section 
4 of |30| show that the curvature of uJt and the Ricci potential log(^) are 
bounded independent of t, which can also be obtained by the calculation in 
Section 3.2. Thus we have the and estimates for the potential function 
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of the Kahler-Einstein metric by the standard estimates for Monge-Ampere 
equations (cf. mm)- 

Proposition 3.1. Let (ft be the unique solution of Monge-Ampere equation 

(3.6) {Cbt + yTMdd^pt)'^ = e'^^xtVt, 

and ut = Cat V-Mddipt be the Kahler-Einstein metric on Xt. Then 

\ipt\ ^ Cl, and C 2 ^Cbt ^ wt ^ C' 2 a)t, 

for constants Ci > 0 and C 2 > 0 independent oft. 

Once Proposition 13.11 is obtained, [Ml ttH EH [M] prove the convergence 
of ut to a complete Kahler-Einstein metric too on the regular locus Xo^reg 
in the Cheeger-Gromov sense, i.e. for any smooth family of embeddings 
Ft : Xo^reg Kt, Ffut Converges to ujq in the locally C'°°-sense when t —)• 0. 
When ttl = 1, CjQg is uniformly equivalent to the Kahler-Einstein metric loq 
OH Xqj C XQj.gg. 

3.2. Proof of Theorem 12.41 , Now we study the local collapsing behaviour 
of Kahler-Einstein metrics uJt- 

For a point p G Xqj, let U C A be a neighborhood of p isomorphic to an 
open subset of a toric variety y^, denoted still by U, such that U n Xqji is 
empty for any I' I = {1, ■■ ■ ,s-|-l}. Since X is Q-factorial, so is y^, and 
y^ has only orbifold singularities, which is equivalent to the rational cone a 
being simplicial (cf. [TO]^. 

If uo, • • • , Us G Ai are primitive vectors belonging to 1-dimensional faces 
and generating a in A®, we denote Nf = Spangjuo,--- ,Us} which is a 
sublattice of Wr = Z • (cr n N), and M{a) = n M = . Then 

M = Mo- © M{a) where Mo = homz(Ao-,Z) = M/M{a), and Mo is a 
sublattice of Mf = hom 2 (A^,Z) = Span 2 (uQ, • • • ,u*), where v* is the dual 
vector of Vj. Note that the restriction of vr on t/ is given by a monomial , 

S 

where Uo- G d n Mo satisfies {uo, Vj) = 1 for j = 0, • • • ,s, i.e. Uo = 

j=0 

If G = No/N'o, and y'o = Spec(C[(T n Mf]) = then the finite group 

G acts on by u • = exp(27r-v/^(u, u)) ■ Z'^ for any v G Xo and 

u€M'o, and X/G x (C*)""" ^ We denote qo-Yo^ (C*)""* ^ the 
quotient map of the G-action. Let Zj = ZL , j = 0, • • • , s, be coordinates 
on y'^, and Zg+i,--- , Zn be coordinates on (C*)'^“^. The restriction qo : 
Tjv' X (C*)”“^ ^ Tjsf is a finite covering map, where Tn = N Zz C* and 
TnI=KZzC*. 

If we denote Yo^t = div(Z“‘^ — t), t G C, then Kg-.t G [/ = Xt Ci U, and 

S 

Yofi = where Dj is a primitive toric Weil divisor of The restriction 

i=o 

q<T '■ <lf^{Yo,t) Yo^t is a finite covering map as W n 1/ C Tw when t / 0, 
and qf^ifYo^t) is given by the equation zq ■ ■ ■ ■ Zg = t in yf x We can 

regard zi, ■ ■ ■ , Zn as coordinates of ( 1 )^, 4 ) for any t / 0. We assume that 
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U C satisfies = {{zq,--- ,Zs) G y'aWzjl < e,0 ^ ^ s}x{UnXoj) 

for an e < 1 without loss of generality. 

Let xo, • ■ • )^s be coordinates on = N'^ respecting to 

the basis uoi • • • Note that the interior of the s-dimensional cell Bj & B 
associated to Xqj is given by 

Bj = {v £ mt{a)\{v,Ua) = 1} 

S 

= {(xo, • • • ,Xs) £ = l,Xj > 0, j = 0, • • • ,s} 

(3.7) i=o 

S 

= {(xi, • • • ,Xs) £ M"*! ^Xj < l,Xj > 0,j = 1, • • • ,s}- 
i=i 

Here we regard xi, • • • , x* as coordinates on Bj. 

For any t £ A*, we dehne the covering map 

(3.8) Pt : a x{CT~" 

by letting zj = and xj = Re{wj), j = 1, - ■ ■ ,s, i.e. 

Pt{wi,--- ,Ws,Zs+i,--- ,Zn) = ,Zn)- 

The fundamental domains of Pt are 

(3.9) = {(ixi,--- ,ws) £ ^ Imiwj) ^ X (C*)-^ 

log|t| log|t| 

for u £ Z, and naturally (C®/\/^j^^) x (C*)"“® is biholomorphic to 

S 

Qa^(X^,t) by further setting zq = tz^^ ■ ■ ■ z~^ = t exp(- Y1 (log \t\)wj). 

i=i 

Note that if \zj\ < e, j = 0, • • • , s, then Xj > for j = 1, • • • , s, and 

5 

log |t|(l — Yh ^j) — log \zo\ < loge, which implies 
i=i 

Pi\qY{Ya,t nU)) = BtX X (e)”-^ 

where 

Bt = {(xi,-- - ,x,) £R^\xj > = Ic-- ,s,l-^^Xj > C Bj. 

Hence 

qY{Y^,t nU)cBiX ^(MV^) X (C*)-^ C qY{Ya,t). 

log hi 

Lemma 3.2. Let K <Z B[ he a eompaet subset sueh that K <Z Bt for |t| <C 1. 
On K X -y/—IM® X ([/ n Xqj) C {qa o Pt)~^{U H To-, 4 ), when t —)• 0, 
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i) 


Pt*Q:XtVt ^ ^o' = 


4(1 - x; xjY j=i 


dwi A dwn 

’ AVi, 




i=i 


in the C°°-sense, where Vj is a smooth volume form onU f\ Xqj. 


^ dwi A dwj 

-)=^° 

(1 - E x,r 
1=1 

in the C°°-sense, where uj^ j is the pull-back of the complete Kabler 
metric Cjqj on t/ H Xq^. 


P f* * ~ , o 1 ^ / 

t OJjj T 4 - — ( 


E 

1=1 


dwj A dwj 


+ 


Proof. Let lOo = 1 + - Ws on {q^o Pt)~^{Ya,t), and xq = 

\ — xi — ■■■ — Xs on Bi. We have zq = and dwo = —dwi — ■ ■ ■ — dws 

on {q„ o Pt)~^{Y^^t)- 

Now, we claim that for a smooth function A on x (C*)"“®, \oPi —)• A* = 

dz ■ 

A(0, Zs+i, • • • , Zn) and dzj = -^dwj —0, j = 0, • • • , s, in the C'°°-sense on 
any compact subset of {q^ o Pt)~^{U n Ya-^t), when t —>• 0. Since 


d^Zj 

dWj 




dwj 


dzQ 

dwo 


for a ej > 0, 0 ^ j ^ s, the claim follows by 


a^'A 


dzP -dz, 


^ C for some 


constants C > 0. 

Since has only Gorenstein orbifold singularities, for the generator G 
0{Xy^), q^klfj is a G-invariant no-where vanishing holomorphic (n + 1,0)- 
form on yf x (C*)"“^, and thus 


q*^V = r] dzj A dzj , 

1=0 

where ry > 0 is a smooth function on q~^{U). We obtain 




1=1 


A JJ dzi A dzi 

i=s-\-l 


on qf\XtnU). 

Without loss of generality, we assume that I = {1,-- - ,s-|-l}. Under a 
local trivialization of 0{fiXQ^i), i G I, on U, we have that q*Si = Zj, where 
j = 1 — 1, and the Hermitian metric || • ||j is a given by restricting a smooth 
function pb on an open subset for a local embedding U ^ C^. Thus 
q*ajyi = log pj\zj\^ for j = 0, • • • ,s, where pj = p'^ o q^ > 0 are smooth 
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function on and q*ai < 0, i = s+2, • • • ,are also smooth functions. 

By O, 


qlXtVt = 1?" 


(log|t|2)2 


n 


dzj A dzj 


(log{po\zo\W (log(/l,|z,f ))2 ^ 


A dzi A dzi, 


where r]" > 0 is a smooth function on q^^{U), and 


p:q:xtVt = 


1 ]" o Pt 


dwj A dwj 


( logpo I J-J- ( togp.7 I \2 J-J- 

Mog|t|^ j=i Viogifp + j=s+i 


A JJ dzi A dzi. 


iog|ir 


By taking t —)• 0, we obtain the convergence of volume forms. 

We have is a smooth (1, l)-form on q~^{U), and 

P^q*^oj° = y/^P^q*„dd\ogVt = y/^ddlogp —)• y/^ddlogp , 

in the C'°°-sense, when t —^ 0, where r]' = r?(0, Zs+i, • • • , Zn) > 0. Note that 
^/^ddlogr]' is the pull-back of oj°\xQjr\U- Since g* and q* ^ 

i = s + 2, ■ ■ ■ ,1, are also smooth (1, l)-forms on q~^{U), we have 




CXi 


at 


Pi, 


in the C°°-sense, where Pi is the pull-back of the smooth Kahler form 
^Ri^ + on [/ n Xo,/. Thus 


^u,i = V- 


y/^dd log T]' + 2 ^ Pi 


2=5 + 2 


is the pull-back of the restriction of u)oj on 17 H Xqj by (13.5p . 
On K, (log \t\)xj —>■ — 00 , j = 0, - ■ ■ ,s, and thus, 


p* *Bic(ll • llj+i) 

W l/o-" 


log Pi 


0 , 


aj+i logpi-h 2(log |t|)xi 

in the C'^-sense. Furthermore, 

A dajj^i _ {d log pj P log \ t\dwj) A {d log pj + log \ t\dwj) dwj A dwj 


P*n* - 


a 


i+i 


(logpj+ 2(log|t|)xj) 


Ax] 


in the C'^-sense, when t —)• 0. Thus we obtain the conclusion by (j3.4p . and 

5 

^ dwi A dwj 
dwQ A dwo ij=i 


4x2 


4(1 - ^ Xj] 
i=i 


□ 
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Lemma 3.3. Let (ft he the unique solution of iS. 6 \) . and iOt = djt+V~^dd(pt. 
For any sequence ifc —)• 0, a subsequence of o qa ° Pt^ converges to (/?o in 
the C°°-sense on K x V—IM® x {U nXoj), where is a smooth function 
on Bj X \/— X ([/ n Xqj) satisfying the complex Monge-Ampere equation 

(3.10) { 0 J° + V^ddpoT = e'^°yo, 

with |<y 9 o| ^ 6 * 3 , and ^ a;° + '/yiddipo ^ 0400 °. 

Furthermore, po is independent oflm{wj), j = 1, ■ ■ ■ , s, i.e. 

FO — ■ ■ ■ ^si ■2s+l) ■ ■ ■ ) 2^n)' 

Proof. By Proposition 13.li we have that 

\pt\ <C, and C~^PfqluJt ^ PtQlidht + ^ CPfqlut 

for a constant C > 0. We obtain the C^’"-estimates for pt, he. \\pt o q^ ° 
PtWc'^.a ^ C, by Lemma 13.21 and the Evans-Krylov theory (cf. |lllI33j b and 
the higher order estimates \\pt° < 1 ^ o PtWc’' ^ C'(z^) by the standard Schauder 
estimates on any compact subset K' C K x V —x (U (1 Xqj). Thus by 
passing to a subsequence of tk, pt^, °qaO Pt^ converges to a smooth function 
Pq in the locally C'°°-sense, and pQ satisfies the the complex Monge-Ampere 
equation (13.100 by Lemma [321 

Since ptoq^o is a periodic function with period 1 he. 

/— ^Trm 

ptoq^o Pt{w, z) =ptoq^o Pt{w + V-l-. -fTT> z), 

log|t| 

for any m € where w = (u)i, • • • , Wg) and z = (^Js+i, • • • , Zn), we obtain 
that po is independent of Im(t(;j), j = 1 , • • • , s, by the smooth convergence. 

□ 


Since fP = ^ the corresponding Riemannian metric of a}” -|- 

OWiOWj ‘AiOXiOXj 

y/yiddpo is 

(3.11) go = H i-h + dOidOj) + Qo, 

ij=i {1-J2 Xj)^ ^ctXiOXj 

i=i 


where 9 j = Im(r(;j), j = 1, • • • ,re, and Qq denotes the remaining terms that 
do not involve any dOidOj and dxidxj. 

Note that both ta" and po are invariant under the translation wj Wj -|- 
j = I,-- - ,s, for any (Ai,--- ,\s) G M®. Hence for any t / 0, 
Cj° -|- y/—lddpo descents to a Kahler metric on Yfj^t H U, which satisfies 


that 

(3.12) Pfqlu;^/ = u;° + V^ddpo, 




for any z/ > 0, when —)• 0 by Lemma 13.31 
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Define a fibration 

ff.Bix v^(M7(^)) X ^Bjx {CT-^ 

log \t\ 


by the projection. Note that ft is G-equivariant, ft induces a T®-fibration 

(3.13) ft:UnY^,t^Btx{CT~", with ft = ftoq^. 

For a point (x,z) G Bt x where x = {xi,--- ,Xs) G Bt and z = 

(z^+i, • • • ,Zn) e the fiber 7 “^(x,z) satisfies that {q^oPt)-^{ff^{x,z)) 

{(x + ^/^6, z)\9 = ( 6 * 1 , • • • ,6s) G M^}. Hence the restriction of the Kiihler 
metric uj^'^ on ff^{x,z) is a flat Riemannian metric, i.e. is a semi-flat 
metric, and 


diam^*,( 4 Hx,z)) ~ diam^./(/,/(x, z)) ^ 


when f —0, by (j3.12l) and (13.lip , where 


+ ^ (x, z) 


ij=i {l-t.Xj)'^ 29xi9xj 

1=1 


We denote Wu = Bj x {U f) Xqj), and naturally regard Wu C Bj x 
v^(KV(^^)) X (H n Xoj) given by 6j = 0, j = 1, • • • ,n. We let gwu = 
go\wu- If P G Wjj, and r > 0 such that the metric ball Bg^^{p,r) C K" for 
a compact subset K" C Wjj, then 

(3.14) {B,^^^{pt^,r),ujt^) and {B^sf{pt^,r),ujtj^) ^ {Bg^^{p,r), gw^) 

in the Gromov-Hausdorff sense by (j3.12p . when tk —)• 0, for some pt G XtCiU. 
By Gromov’s precompactness theorem (cf. [ 12 ]), {Xt^,uJtf^,Pt,.) converges 
to a complete metric space {W,dw,Pcxi) of Hausdorff dimension g in the 
pointed Gromov-Hausdorff sense, and there is a local isometric embedding 
{Bg^_^{poo-,r),gwu) {W,dw), which implies g = dim® H/ x Xqj. 

In summary, we have the following proposition. 


Proposition 3.4. There is a semi-flat Kdhler-Einstein metric on XtCiU 
respecting to ft such that 




— OJ 






0 , 


for any v > 0, and a sequence tk 0. Furthermore, {Xt,,,uJt^,pt,f) converges 
to a complete metric space {W,dw,Poo) in- the pointed Gromov-Hausdorjf 
sense by choosing some base points pt G Xt, and the Hausdorff dimension 
of W equals to dimR Bj 2 dime Xqj. 


Now we are ready to prove Theorem 12.41 
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Proof of Theorem \2.4\ Let {U^} be an open cover of j such that any 
C is isomorphic to an open subset of a toric variety, and does not 
intersect with |J X^^i. By applying the above arguments to U-y, we have 

Wu, = Bix {U^ n Xoj) c BiX v^(M 7 (^)) X (Lly n -^ 0 ,/)) and a 
metric gu^ = g-yfllwu^, where g^^ is the Riemannian metric given by (|3.1ip . 
If oj^'^^f-lxtnUj denotes the semi-flat Kahler-Einstein metric satisfying (I3.12p . 
then, by Lemma [3.3l Pf is uniformly equivalent to uj° on Bj x \/—x 
(tXy n Xqj). For any U^, since there are finite t/i, • • • -,11^ £ {Lly} such that 
(C/URiU- • •U[/,;U[ 7 )nXt is connected, we have a point ^ 4,7 G nC /7 such 
that disttjj^ iptk,'rjPtk) ^ ^*7 for a constant independent of by Proposition 
m Thus there is a local isometric embedding ty : {Wu^,gu^) ^ {W,dw). 
Note that the restriction of gjj^ on any Bj x {g} is complete, gu-flu-fCiXo j is 
uniformly equivalent to (^°\ujnXo i = wo,/|; 7 ^nXo d and wq,/ is complete on 
^ 0,1 P-5P - Therefore, (J i"y(Wi/^, gu^) C (IT, dw) is a complete Riemann- 

7 

ian manifold, which implies that = (hh, dry)- 

7 

Now we assume dime Xqj = 0, i.e. s = n. Then Wu = Bi, ipQ = 
ifoixi, • • • , Xn) is a function on Bj, and we denote gsi = gwu- We need the 
following lemma to finish the proof. 


Lemma 3.5. If 


^ ^ log Xj - log(l - ^ Xj), 

i=i i=i 


then 


9Bj = 


E 

ij=i 


dxidxj 


■dxidxj 


on Bj, and 0 is the unique solution of the real Monge-Ampere equation 

for a constant k > 0, i.e. cf is obtained in Theorem \2. 1[ 

Proof. Note that and 

1 


d'^4> _ d'^ipo ^ 


dxidxj 2dxidxj x\ 


I (1 - E ^ 1 )^ 


i=i 


By P.IIP , — Oxidxj . By Lemma 13.21 and Lemma 13.31 we have 
1 

- 


det(^ -I- 


n 






^ (1 - E Xj 


2 dxidx 




n n ’ 

4n+l(l _ 3.72 3,2 
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where r]' > 0 is a constant. 

Now Proposition 5.5 in [6] implies that ipo is the unique solution of (j.S.lOp . 
which implies the uniqueness of (j). □ 

Note that qbi is a complete metric on Bj, and thus (W, dw) is isometric to 
{Bj,gBj)- By the uniqueness oi qbj, we have the convergence of Proposition 
Ea without passing to any sequence tk- We obtain the conclusion. □ 


4. Proof of Theorem 12.61 


Proof of Theorem \2M Since is ample, there is a section Pit of 

such that D n Xqj = 0 where D = div(nt). Let C/ C <T be a neighborhood 
of isomorphic to an open subset of a toric variety To-, denoted still by 
U, such that U H Xqji is empty for any I' ^ / = {1, • • • , s + 1}. We assume 
that D r\U = 0 by shrinking U if necessary. 

We adopt the construction in Section 3.2. There is a toric variety — 
with coordinates zq, - ■ ■ , Zn, and a finite group G = N/N' acting on 
To- Let q^j : y'^ ^ To be the finite quotient by G = N/N' , and To,i C To 
such that Tct,i fill = Xtf] U as in Section 3.2. Recall that is given 

by ^0 . Zn = t, and qf^{Y„,t fiU) C Bj x C ^^^^ 0 , 1 ), 

where Bj is given by (I3.13p . 

For a p = (pi, • • • ,Pn) £ Bj, we define an embedding 

if.BiX v^(M7 ) ^ C7(27rV^Z7 = To 

log|t| 


by letting 7 = {log\t\){wj-pj), j = !,■■■ ,n. We identify 

with the image it{Bj x V—)) c Tx, by p without any confusion. 

Assume that A* = Xt{wi,--- ,Wn) is a family of functions convergence 

smoothly to Aq = Ao(a:i,--- ,Xn) under the coordinates rci,--- ,Wn when 

t ^ 0 i e _ ^ _^ ^^ _ Since w - o ■ + 

U, l.e. ^ ^ ^ ^ ki ^ k^ — ^ km' 'Zlj — Pj-\- 


31 3m 


31 3m 


2^dx 

31 


(log|t|) ^7 and = (log|t|) we have A* Xoipi,"' ,Pn) in the 

C'^-sense on any on any compact subset K' C it{Bi x /‘^^)) C 

Too, when t —>• 0. 

Since To bas only Gorenstein orbifold singularities, for the local generator 
Pla £ Ll(/Cy^), 7 ^ 0 - is a G-invariant no-where vanishing holomorphic (n + 
l,0)-form on To, and thus 


*n n y.dzi A--- Adzn 

q^ilt = ilo ® [dt) = C -, 

Zl . Zn 

on q~^{Xt n U), where C > 0 is a holomorphic function on To- Note that 
- ,'Wn) -A C(0) in the C'^-sense by the argument in the proof of 
Lemma [3^ Thus 


q*Pt = (dwi A - - - A dwn -A Poo = C(0)bihi A - - - A dwn, 
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in the C'°°-sense, when t —)• 0. 

If we denote Lq = {0} x (27rZ"')), then for any \t\ <C 1, there is a 

G M such that S which implies that Im(e''^^’^°floo) = 

0, = 0, and [lm{e^'^^q*nt)\Lo] = 0 in i?"(Lo,M). 

Since is a constant, we have 

Ini(e'^’^°noo)|Lo = Im(e^’’°C(0)duii A • • • A dwn)\Lo = 0- 
By Lemma 13.21 and Lemma 13.31 

/—T ^ X 1 

{log\t\fqlujt ^ 1^(4 +-5- + :Tj^Z%riP))dwiAd^j = u;^, 

^ ij=l Pj (1 - ^ pjY ^OXiOXj 

i=i 

in the C'^-sense on any compact subset K' on Y^o, when t —)• 0. Since the 
curvature of ut are uniformly bounded independent of t, we have that Woo 
is a flat metric on Yoo- A direct calculation shows uJoo\lo = 0. Note that for 
any A E H 2 {Lo,Z), 



Thus f^q*LJt = 0, and [q*a^jJt\Lo\ = 0 in H‘^{Lq,'R). By Theorem 10.8 in 
m, we obtain a family of generalized special lagrangian submanifolds Lt C 
Bj X respecting to q*u}t and e''^'^*q*Qt for |t| <C 1. We 

obtain the conclusion by letting Lt = qa{Lt). □ 
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